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Abstract: We compute the cross-sections for the radiative capture of non-relativistic par-
ticles into bound states, in unbroken perturbative non-Abelian theories. We find that the
formation of bound states via emission of a gauge boson can be significant for a variety of
dark matter models that feature non-Abelian long-range interactions, including multi-TeV
scale WIMPs, dark matter co-annihilating with coloured partners and hidden-sector mod-
els. Our results disagree with previous computations, on the relative sign of the Abelian and
non-Abelian contributions. In particular, in the case of capture of a particle-antiparticle
pair into its tightest bound state, we find that these contributions add up, rather than
partially canceling each other. We apply our results to dark matter co-annihilating with
particles transforming in the (anti)fundamental of SUp3qc, as is the case in degenerate
stop-neutralino scenarios in the MSSM. We show that the radiative formation and decay
of particle-antiparticle bound states can deplete the dark matter density by p40 ´ 240q%,
for dark matter heavier than 500 GeV. This implies a larger mass difference between the
co-annihilating particles, and allows for the dark matter to be as heavy as 3.3 TeV.
ArXiv ePrint: 1805.01200
ar
X
iv
:1
80
5.
01
20
0v
2 
 [h
ep
-p
h]
  1
7 J
ul 
20
18
Contents
1 Introduction 1
2 Radiative bound-state formation in non-Abelian theories 3
2.1 Definitions and useful formulae 4
2.2 Potential and the running of the coupling 5
2.3 Amplitude for radiative transitions 5
2.4 Colour decomposition for conjugate representations 10
2.4.1 Adjoint scattering states to singlet bound states 11
2.4.2 Singlet scattering states to adjoint bound states 11
2.4.3 Remaining transitions 12
2.5 Cross-sections for capture into the ground state 12
3 Dark matter co-annihilating with coloured partners 15
3.1 Simplified model and Boltzmann equation 15
3.2 Colour states and the running of the coupling 16
3.3 Direct annihilation 16
3.4 Bound-state formation, ionisation and decay 19
3.5 Relic density 22
4 Conclusion 23
A Scattering-state and bound-state wavefunctions 25
B Overlap integrals for capture into the ground state 26
C The non-relativistic Hamiltonian from effective field theory 27
D The Milne relation 33
1 Introduction
In theories with light force mediators, the formation of bound states may have significant
implications. Early work pointed out aspects of the effect of bound states on the expected
dark matter (DM) detection signatures [1–3]. More recently, a variety of phenomenological
implications have been identified or explored in greater depth. It has been shown that the
formation and decay of unstable bound states can affect the density of thermal-relic DM [4],
and is essential in determining the unitarity limit on the DM mass [5]. Moreover, bound-
state formation (BSF) processes enhance the expected annihilation signals of symmetric [1,
6–11] and asymmetric DM [5, 12]. Since BSF cross-sections are typically dominated by
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different partial waves than the direct annihilation processes, they exhibit different velocity
dependence and resonance structure, and can give rise to complementary signatures [7, 9].
In the case of asymmetric DM [13], the formation of stable bound states may produce
novel direct [14, 15] and indirect detection signals [16–19], as well as affect the DM self-
scattering inside haloes [20]. In confining theories, bound states may set the DM mass
scale [21, 22], and relate it to that of ordinary matter [23]. Finally, DM bound states may
have implications for collider experiments [3, 24–26].1
Here, we consider BSF processes in non-Abelian theories. Non-Abelian interactions
are particularly important in scenarios where DM is coannihilating with coloured partners,
as well as in models where DM consists of TeV-scale Weakly interacting massive particles
(WIMPs). Scenarios that feature DM coannihilation with coloured particles are encoun-
tered within the minimal supersymmetric standard model (MSSM) [32–39], and are in part
motivated by the measurement of the Higgs mass [40, 41]. These scenarios are being probed
in high-precision collider experiments; the accurate prediction of the DM density within
their parameter space is therefore necessary in order for the cosmological constraints to
meaningfully complement those from colliders. On the other hand, TeV-scale WIMP mod-
els are being probed mostly via indirect searches. Their annihilation signals exhibit sharp
resonances that depend on the DM mass [42–46]. It follows that the precise value of the
DM mass, which, under minimal assumptions, is predicted by the observed DM density,
determines the viability of these models. Clearly, in both cases, an accurate computation
of the DM freeze-out is necessary. It is then essential that the depletion of the DM abun-
dance via BSF in the early universe – which, as we show, can be a leading order effect – is
properly accounted for.
In this paper, we compute the cross-sections for the radiative capture into bound states
of non-relativistic particles transforming under a non-Abelian gauge group. We consider,
in particular, unbroken non-Abelian theories in the regime where the gauge coupling is
perturbative. We do not specify the gauge group or the representation of the interacting
particles, such that our results are applicable in a variety of models. Rather than an
effective field theory approach [47] that has been employed in other studies [6, 8, 48–56],
we use the method described in ref. [57], where the non-relativistic approximation is carried
out directly on the relativistic amplitude.
We apply our results to a simplified model where DM is co-annihilating with scalar
particles transforming in the fundamental of SUp3qc, and show that BSF has a very im-
portant effect on the DM relic density. In the MSSM incarnations of this scenario, the
coloured particles typically possess also a sizeable coupling to the Higgs boson, which has
been shown to mediate a sufficiently long-range interaction that enhances the annihilation
cross-section [58]. While we do not consider it here, the attractive force mediated by the
Higgs is expected to make the BSF effect more pronounced [59].
The formation of bound states in non-Abelian theories and their implications for DM
have been considered in previous works. Reference [8] considered DM transforming un-
1 Bound states may occur also in the spectrum of theories with contact interactions, in particular in the
form of non-topological solitons [27–29], which have been considered in the context of DM [30, 31].
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der the adjoint of SUp2qL (Wino-like DM), and performed computations in the broken
electroweak phase, with the purpose of estimating the DM indirect detection signals. Ref-
erences [48–51] considered BSF via non-radiative scattering processes that can take place
at a high rate in a thermal bath, and computed the effect of these processes on the DM
density. Various rearrangement processes in Abelian and non-Abelian theories have been
discussed in Ref. [60]. Finally, refs. [55, 56] considered radiative BSF in unbroken non-
Abelian theories. Our computations disagree with those of [55, 56] on the relative sign of
the Abelian and non-Abelian diagrams contributing to these processes, but are in agree-
ment with the dissociation rate of heavy quarkonium via gluon absorption computed in
earlier work [61]. For the capture of a particle-antiparticle pair into its tightest bound
state – which is typically the most significant capture process – our results imply that the
leading order contributions add up, rather than partially canceling each other. This has
very significant phenomenological implications, as we showcase in section 3.
The paper is organised as follows. In section 2, we compute the radiative BSF cross-
sections. In section 3, we calculate the DM freeze-out including BSF in the scenario of
DM co-annihilation with coloured partners. We conclude in section 4. Several important
calculations are included in the appendices. In particular, in appendix B, we compute the
overlap integrals that enter the BSF cross-sections. In appendix C, we adopt an effective
field theory standpoint, we derive the non-relativistic Hamiltonian of the interactions that
determine the formation of bound states, and point out the disagreement with previous
works [55, 56]. This provides an independent check of the validity of our results.
2 Radiative bound-state formation in non-Abelian theories
We consider two complex scalar fields X1 and X2, transforming in the representations R1
and R2 of a non-Abelian gauge group G. The Lagrangian is
L “ pDµX1q: pDµX1q ` pDµX2q: pDµX2q ´m21 |X1|2 ´m22 |X2|2 , (2.1)
where Dµ “ Bµ ` igsGaµT a is the covariant derivative, with Gaµ being the gluon fields (we
shall denote the corresponding particles with g, as usual) and T a “ T a1 or T a2 being the
generators of X1 and X2 respectively. The fine structure constant is
αs ” g2s{p4piq . (2.2)
In the following, we shall compute the radiative BSF processes
X1 `X2 Ñ BpX1X2q ` g . (2.3)
While we express our results in terms of the capture processes (2.3), it is straightforward to
generalise them to transitions between scattering states (bremsstrahlung) and bound-state
excitation or de-excitation processes, by simply substituting the appropriate wavefunctions
for the initial and final states [57]. Since we shall only compute the leading order terms
to these transition processes, our results apply also to fermionic X1 and/or X2. Spin-orbit
coupling arises only in higher orders in the non-relativistic regime.
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We begin in section 2.1, with a summary of various formulae we use in our computa-
tions. In section 2.2, we give the interaction potential, and discuss the running of αs. In
section 2.3, we compute the amplitude for the transitions (2.3), for general representations
and masses of X1 and X2. In section 2.4 we apply the result to particles in conjugate
representations, but with arbitrary masses. For transitions involving a colour-singlet scat-
tering or bound state, we compute explicitly the projected amplitude, and in section 2.5,
we calculate the corresponding cross-sections.
2.1 Definitions and useful formulae
For easy reference, we first summarise various formualae that will be used in the following
sections.
We define the total and the reduced mass of the interacting particles,
M ” m1 `m2 , µ ” m1m2
m1 `m2 , (2.4)
and the dimensionless factors
η1 ” m1
m1 `m2 , η2 ”
m2
m1 `m2 . (2.5)
For the momenta p1 and p2 of X1 and X2, we shall often use the following momentum
transformation, which allows to separate the center-of-momentum (CM) from the relative
motion [57, 62],
P ” p1 ` p2, p ” η2p1 ´ η1p2, (2.6a)
p1 “ η1P ` p, p2 “ η2P ´ p. (2.6b)
Let S1pp1q and S2pp2q be the propagators of the X1 and X2,
Sjppjq ” i
p2j ´m2j ` i
, i “ 1, 2 . (2.7)
For convenience, we also define
Spp;P q ” S1pη1P ` pq S2pη2P ´ pq , (2.8)
S0pp;P q ”
ż
dp0
2pi
Spp;P q . (2.9)
To leading order in the non-relativistic regime [57, appendix C],
S0pp;P q »
„
´i4Mµ
ˆ
P 0 ´M ´ P
2
2M
´ p
2
2µ
˙´1
, (2.10)
and [57, appendix E]ż
dq0
2pi
dp0
2pi
Spq;KqS1pη1P ` pq
S0pq;KqS0pp;P q p2piq
4 δ4pq ´ p´ η2Pgq » 2m2 p2piq3 δ3pq´ p´ η2Pgq,
(2.11a)ż
dq0
2pi
dp0
2pi
Spq;KqS2pη1P ´ pq
S0pq;KqS0pp;P q p2piq
4 δ4pq ´ p` η1Pgq » 2m1 p2piq3 δ3pq´ p` η1Pgq.
(2.11b)
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As we shall see in section 2.3, we use eqs. (2.10) and (2.11) to integrate out the virtuality
of X1, X2 in the radiative part of the BSF diagrams.
2.2 Potential and the running of the coupling
The interaction between X1 and X2 can be decomposed into irreducible representations,
R1 bR2 “
ÿ
Rˆ
Rˆ . (2.12)
For each Rˆ, the interaction is described in the non-relativistic regime by a static Coulomb
potential [63]
V prq “ ´αg{r , (2.13)
where the coupling αg is related to αs according to
αg “ αs ˆ 1
2
rC2pR1q ` C2pR2q ´ C2pRˆqs . (2.14)
Here, C2pRq is the quadratic Casimir invariant of the representation R. The Coulomb
potential (2.13) distorts the scattering-state wavefunctions and, if attractive, gives rise to
bound states. The scattering-state and bound-state wavefunctions are reviewed in ap-
pendix A.
In general, the coupling αs depends on the momentum transfer Q,
αs “ αspQq , (2.15)
which is different in the various interaction vertices that appear in the transitions we
consider. In table 1, we list the various vertices, specify the symbols we use, and give the
average Q in each case.
2.3 Amplitude for radiative transitions
Radiative transitions are represented by the diagram of fig. 1a, which can be separated into
the wavefunctions of the asymptotic states and the radiative vertex. The wavefunctions
resum the two-particle interactions at infinity. The long-range X1 ´X2 interaction arises
from the one-gluon exchange kernel, which gives rise to the static potential of eq. (2.13) in
the non-relativistic regime. The low momentum transfer („ µvrel for the scattering states
and „ µαs for the bound states) via the exchanged gluons is responsible for the appearance
of non-perturbative phenomena, the Sommerfeld effect [64, 65] and the mere existence of
bound states. The radiative vertex is computed perturbatively, with the leading order
contributions shown in fig. 1b. We discuss them further below.
In the instantaneous approximation, the amplitude for the radiative capture into a
bound state is [57]
rMνkÑtn`musaii1,jj1 “
1?
2µ
ż
d3q
p2piq3
d3p
p2piq3 ψ˜n˚`mppq φ˜kpqq rM
ν
transpq,pqsaii1,jj1 , (2.16)
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Vertices αs αg
Average
momentum
transfer Q
Wavefunction
(ladder diagrams)
of scattering state
in colour rep. Rˆ
αSs
αSg,rRˆs “ pαSs {2qˆ
ˆ rC2pR1q ` C2pR2q ´ C2pRˆqs
k ” µ vrel
Wavefunction
(ladder diagrams)
of bound state
in colour rep. Rˆ
αBs,rRˆs
αBg,rRˆs “ pαBs,rRˆs{2qˆ
ˆ rC2pR1q ` C2pR2q ´ C2pRˆqs
κRˆ ” µαBg,rRˆs
Formation of bound
states of colour rep.
Rˆ: gluon emission
αBSFs,rRˆs
Ek ´ En` “
µ
2
”
v2rel ` pαBg,rRˆs{nq2
ı
gX:iXi vertices in
non-Abelian
diagram for capture
in colour rep. Rˆ
αNAs,rRˆs µ
b
v2rel ` αBg,rRˆs2
Table 1. The momentum transfer Q at which the coupling αspQq is evaluated. With the
exception of αSs , the couplings depend on the representation Rˆ, as denoted; however, in our general
computations, we shall often omit the representation index, for brevity.
where the Latin indices i, i1, j, j1 and a denote the colour of the initial and final state
particles, as shown in fig. 1b, and φ˜kpqq and ψ˜n`mppq are the scattering-state and bound-
state wavefunctions in momentum space that obey the Schro¨dinger equation. Here, q
(´q) and p (´p) are the 3-momenta of X1pX2q in the CM frame, in the scattering state
and in the bound state, respectively. The scattering state wavefunction is characterised
by the continuous quantum number k, which specifies the expectation value of q. In
a central potential, such as eq. (2.13), the bound state wavefunction is characterised by
the standard discrete principal and angular-momentum quantum numbers tn, `,mu, which
specify the expectation value of p. The wavefunctions in a Coulomb potential are reviewed
in appendix A.2
Mνtranspq,pq is the perturbative transition amplitude with the virtuality of the inter-
acting particles integrated out, as follows [57, sec. 3.3]
rMνtranspq,pqsaii1,jj1 “ 1S0pq;KqS0pp;P q
ż
dq0
2pi
dp0
2pi
rCνpq, p;K,P qsaii1,jj1 . (2.17)
2 We note that the integrand in eq. (2.16) admits corrections of higher order in q and p that arise from
the relativistic normalisation of states. Here we are interested only in the leading order terms, and we
shall neglect these corrections. However, these corrections become important when there is a cancellation
between the lowest order contributions toMtrans [9, 57].
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Here, rCνpq, p;K,P qsaii1,jj1 is the sum of all connected diagrams contributing to the process
X1,i pη1K ` qq `X2,j pη2K ´ qq Ñ X1,i1 pη1P ` pq `X2,j1 pη2P ´ pq ` gapPgq, (2.18)
with the incoming and outgoing X1, X2 being off-shell and only the emitted gluon g being
on-shell and amputated. We emphasise that the X1, X2 incoming and outgoing legs should
not be amputated in the computation of Cν ; the proper amputation is done by the prefactor
in eq. (2.17). (We recall that S0 is defined in eq. (2.9).) Note that the connected diagrams
contributing to Cν may include not-fully-connected diagrams that are non-zero due to the
off-shellness of the legs, such as the diagrams in which the radiation is emitted from one of
the legs (cf. fig. 1b).3
In eq. (2.18), the momenta of the particles are indicated inside the parentheses. While
the 3-momenta q and p follow the probability distributions given by the wavefunctions
φ˜kpqq and ψ˜n`mppq that appear in eq. (2.16), q0 and p0 are determined by the poles of Cν ,
upon the integration denoted in eq. (2.17). The total 4-momenta of the scattering state,
the bound state and the radiated gluon, K, P and Pg respectively, essentially contain
all the (discrete and continuous) quantum numbers that fully specify the system. In the
non-relativistic regime, they can be expressed as
K “
ˆ
M ` K
2
2M
` Ek, K
˙
, (2.19a)
P “
ˆ
M ` P
2
2M
` En`, P
˙
, (2.19b)
Pg “ pω, Pgq , (2.19c)
where Ek “ k2{p2µq “ µv2rel{2 is the kinetic energy of the scattering state in the CM frame,
with vrel being the relative velocity of the interacting particles, and En` ă 0 is the binding
energy of the bound state. Note that Mn` ”M `En` is the mass of the bound state. For a
Coulomb potential, En` “ ´κ2{p2n2µq, with κ ” µαBs (cf. appendix A). Energy-momentum
conservation, K “ P ` Pg, implies
ω “ |Pg| » Ek ´ En` . (2.20)
The leading order contributions to rCνsaii1,jj1 are shown in fig. 1b. We compute them
next using the Feynman rules from [66].
3 If in a certain theory, all diagrams contributing to (2.18) are fully connected, then Mtrans can be
computed at leading order from the sum of the fully amputated diagrams by simply setting all incoming
and outgoing particles on-shell [57].
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X1
X2
¨ ¨ ¨ ¨ ¨ ¨ B
g
Cν
Figure 1a. The amplitude for the radiative capture consists of the (non-perturbative) initial and
final state wavefunctions, and the perturbative 5-point function that includes the radiative vertices.
i
j
η1K ` q
η2K ´ q
a, ν
b, ρ
c, µ
Pg
η1P ` p
η2P ´ p
i1
j1
` `
Figure 1b. The leading order diagrams contributing to Cν . The external-momentum, colour-index
and space-time-index assignments are the same in all three diagrams.
Emission from the mediator
ipCνmedqaii1,jj1 “
“ S1pη1P ` pq
”
´igspT b1 qi1i pη1K ` η1P ` q ` pqρ
ı
S1pη1K ` qq ´ipη1K ` q ´ η1P ´ pq2
ˆ S2pη2P ´ pq
“´igs pT c2 qj1j pη2K ` η2P ´ q ´ pqµ‰S2pη2K ´ qq ´ipη2K ´ q ´ η2P ` pq2
ˆ p´gBSFs fabcq tgρµrpη1K ` q ´ η1P ´ pq ´ pη2K ´ q ´ η2P ` pqsν
`gνρr´Pg ´ pη1K ` q ´ η1P ´ pqsµ ` gµνrpη2K ´ q ´ η2P ` pq ` Pgsρu , (2.21a)
Emission from X1
ipCν1 qaii1,jj1 “ δj1j S2pη2K ´ qq ˆ S1pη1P ` pqS1pη1K ` qq
ˆ “´igBSFs pT a1 qi1i pη1K ` η1P ` q ` pqν p2piq4δ4pη1K ` q ´ η1P ´ p´ Pgq‰ ,
(2.21b)
Emission from X2
ipCν2 qaii1,jj1 “ δi1i S1pη1K ` qq ˆ S2pη2P ´ pqS2pη2K ´ qq
ˆ “´igBSFs pT a2 qj1j pη2K ` η2P ´ q ´ pqν p2piq4δ4pη2K ´ q ´ η2P ` p´ Pgq‰ .
(2.21c)
We are interested only in the spatial components of Cν , ν “ 1, 2, 3,
Caii1,jj1 “ pCmedqaii1,jj1 ` pC1qaii1,jj1 ` pC2qaii1,jj1 . (2.22)
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The wavefunctions in eq. (2.16) impose |q| „ k “ µvrel and for a Coulomb potential
|p| „ κ{n “ µαBs {n. Noting the hierarchy of scales |q|, |p|, k, κ !M,µ, and using eqs. (2.19)
and (2.20), we find from eqs. (2.21) that to leading order in vrel and αs, in the CM frame,
pCmedqaii1,jj1 » `ifabc pT b1 qi1ipT c2 qj1j ˆ 8gBSFs g2sMµ pq´ pqpq´ pq4 ˆ Spq;KqSpp;P q, (2.23a)
pC1qaii1,jj1 » ´pT a1 qi1i δj1j ˆ gBSFs pq` pq ˆ Spq;KqS1pη1P ` pq p2piq4δ4pq ´ p´ η2Pgq,
(2.23b)
pC2qaii1,jj1 » `δi1i pT a2 qj1j ˆ gBSFs pq` pq ˆ Spq;KqS2pη2P ´ pq p2piq4δ4pq ´ p` η1Pgq.
(2.23c)
A few comments on Cmed are in order.
• The leading order contribution arises from the contraction of the momenta of the two
vertices on the scalar legs.
• The factor g2s arises from the same vertices, where the momentum transfer is „ |p´q|,
with |p| „ κ “ µαBg and |q| „ k “ µvrel. This implies that gs should be evaluated at
the scale Q « ?κ2 ` k2 (cf. table 1).4
• In eq. (2.23a), we have neglected the energy transfer along the gluon propagators (as
is also done in the one-boson exchange diagrams that are resummed into the non-
relativistic potential). Upon the integration indicated in eq. (2.17), the poles of the
scalar propagators, Spq;KqSpp;P q, set q0 „ q2{µ „ k2{µ and p0 „ p2{µ „ κ2{µ. In
contrast, the poles of the gluon propagators set q0´ p0 „ |q´p| „
a
k2 ` κ2. Since
q0 and p0 indicate the off-shellness of the two scalar particles, the gluon poles — on
which the off-shellness of the scalars is greater for αs, vrel ă 1 — yield subdominant
contributions to the transition amplitude.
• Naively, Cmed may be expected to be of higher order in αs than C1 and C2. However,
the scaling of q0, p0, |q| and |p| with αs and vrel described above implies all three
diagrams are of the same order. This will become apparent in the following.
Collecting eqs. (2.17), (2.22) and (2.23), and using eqs. (2.9) and (2.11), we find
rMtranssaii1,jj1 » ´gBSFs 4M
"
´ifabcpT b1 qi1ipT c2 qj1j ˆ 8piµαNAs q´ ppq´ pq4
` η2 pT a1 qi1i δj1j ˆ p p2piq3 δ3pq´ p´ η2Pgq
´η1 δi1i pT a2 qj1j ˆ p p2piq3 δ3pq´ p` η1Pgq
(
. (2.24)
Plugging eq. (2.24) into eq. (2.16), we obtain
rMkÑtn`musaii1,jj1 “ ´
`
25piαBSFs M
2{µ˘1{2 ˆ !´ifabcpT b1 qi1ipT c2 qj1j Yk,tn`mu
`η2 pT a1 qi1i δj1j J k,tn`mupη2Pgq ´ η1 δi1i pT a2 qj1j J k,tn`mup´η1Pgq
(
, (2.25)
4 Since BSF is insignificant when κ ! k, in section 3 we approximate the momentum transfer in these
vertices with that inside the bound state, Q „ κ, thus setting αNAs “ αBs .
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where we have defined the overlap vector integrals (see also [9, 57])
J k,tn`mupbq ”
ż
d3p
p2piq3 p ψ˜n˚`mppq φ˜kpp` bq , (2.26a)
Yk,tn`mu ” 8piµαNAs
ż
d3p
p2piq3
d3q
p2piq3
q´ p
pq´ pq4 ψ˜n˚`mppq φ˜kpqq . (2.26b)
J k,tn`mu has been computed in refs. [9, 57]. We review the result, and compute Yk,tn`mu
in appendix B.
2.4 Colour decomposition for conjugate representations
We now focus on particles transforming under conjugate representations R1 “ R and
R2 “ R¯, such that
T a1 “ T a , T a2 “ ´T a˚ . (2.27)
We shall not assume though that the masses of the interacting particles are equal, so
that our results are more widely applicable. For the overlap integral J kÑtn`mupbq, with
|b|9|Pg|, the dominant contribution is independent of b [9, 57]. In the following, we denote
J k,tn`mu “ J k,tn`mupb “ 0q, and the amplitude (2.25) becomes
rMkÑtn`musaii1,jj1 “ ´p25piαBSFs M2{µq1{2 ˆ
ˆ
!`
η2 T
a
i1i δj1j ` η1 δi1i T ajj1
˘ J k,tn`mu ` ifabcT bi1iT cjj1 Yk,tn`mu) . (2.28)
The tensor product of two conjugate representations contains always a singlet and an
adjoint, and possibly other states,
Rb R¯ “ 1‘ adj‘ ¨ ¨ ¨ . (2.29)
It is clear from eq. (2.14) that, among all irreducible representations, the singlet config-
uration (C2p1q “ 0) exhibits the most attractive potential, and thus accommodates the
tightest bound state. Equation (2.29) implies that at least the following capture processes
are allowed by the group algebra, provided that the potential in the final state is attractive,
such that the bound state exists:
pX `X:qradjs Ñ BpXX:qr1s ` gradjs , (2.30a)
pX `X:qr1s Ñ BpXX:qradjs ` gradjs , (2.30b)
pX `X:qradjs Ñ BpXX:qradjs ` gradjs . (2.30c)
Depending on the group G and the representation R, more transitions may be possible.
The amplitudes for the various transitions may be computed from eq. (2.28) by projecting
onto the appropriate colour representations, using the Clebsch-Gordan coefficients. Below
we compute explicitly the amplitudes for the transitions (2.30a) and (2.30b) only.
In the following, dR, CpRq and C2pRq stand for the dimension and the Casimir invari-
ants of the representation R, and dG, CpGq and C2pGq are the corresponding quantities
for the group G. Evidently, the wavefunctions and therefore J k,tn`mu and Yk,tn`mu depend
on the colour representations of the scattering and bound states, RS and RB. Whenever
appropriate, we shall use the notation J rRS ,RBsk,tn`mu and Y
rRS ,RBs
k,tn`mu .
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2.4.1 Adjoint scattering states to singlet bound states
The radiative capture into colour-singlet bound states can occur only from adjoint scatter-
ing states,
pX `X:qradjs Ñ BpXX:qr1s ` gradjs . (2.31)
It thus suffices to project only the final X ´X: state onto the singlet configuration; upon
summing the squared amplitude over colours, the group algebra will project the initial
state onto the adjoint. The amplitude for the process (2.31) is´
MradjsÑr1skÑtn`mu
¯a
i,j
“ δi1j1?
dR
`MkÑtn`mu˘aii1,jj1
“ ´
ˆ
25piαBSFs M
2
µ
˙1{2
ˆ 1?
dR
”
T aji J radj,1sk,tn`mu ` ifabcpT cT bqji Y radj,1sk,tn`mu
ı
“ ´
ˆ
25piαBSFs M
2
µ
˙1{2
ˆ 1?
dR
„
J radj,1sk,tn`mu `
C2pGq
2
Y radj,1sk,tn`mu

T aji ,
(2.32)
where in the last step we used fabcT bT c “ pi{2qC2pGqT a. The amplitude squared, colour-
summed and averaged over the colour of the initial particles is
1
d2R
ˇˇˇ
MradjsÑr1skÑtn`mu
ˇˇˇ2 “ ˆ25piαBSFs M2
µ
˙
ˆ C2pRq
d2R
ˇˇˇˇ
J radj,1sk,tn`mu `
C2pGq
2
Y radj,1sk,tn`mu
ˇˇˇˇ2
. (2.33)
2.4.2 Singlet scattering states to adjoint bound states
With the emission of a gluon, a colour-singlet scattering state can turn only into an adjoint
state,
pX `X:qr1s Ñ BpXX:qradjs ` gradjs . (2.34)
Similarly to the above, the amplitude for the process (2.34) is deduced from eq. (2.28) by
projecting the initial X ´X: state onto the singlet configuration´
Mr1sÑradjskÑtn`mu
¯a
i1,j1
“ δij?
dR
`MkÑtn`mu˘aii1,jj1
“ ´
ˆ
25piαBSFs M
2
µ
˙1{2
ˆ 1?
dR
”
T ai1j1 J r1,adjsk,tn`mu ` ifabcpT bT cqi1j1 Y r1,adjsk,tn`mu
ı
“ ´
ˆ
25piαBSFs M
2
µ
˙1{2
ˆ 1?
dR
„
J r1,adjsk,tn`mu ´
C2pGq
2
Y r1,adjsk,tn`mu

T ai1j1 .
(2.35)
Then,
1
d2R
ˇˇˇ
Mr1sÑradjskÑtn`mu
ˇˇˇ2 “ ˆ25piαBSFs M2
µ
˙
ˆ C2pRq
d2R
ˇˇˇˇ
J r1,adjsk,tn`mu ´
C2pGq
2
Y r1,adjsk,tn`mu
ˇˇˇˇ2
. (2.36)
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2.4.3 Remaining transitions
Depending on R, other transitions may be possible. In this case, appropriate projections of
the amplitude (2.28) have to be computed. It is sometimes possible to obtain the amplitude-
squared for a transition of interest from the total amplitude-squared by subtracting the
contributions of other known transitions. For this reason, we provide here the total colour-
averaged squared amplitude,
1
d2R
ˇˇˇ
MtotalkÑtn`mu
ˇˇˇ2 “ ˆ25piαBSFs M2
µ
˙
ˆ
ˆ C2pRq
"
pη21 ` η22q
ˇˇJ k,tn`mu ˇˇ2 ` C2pRqC2pGqdG ˇˇYk,tn`mu ˇˇ2
*
. (2.37)
Note that J k,tn`mu and Yk,tn`mu depend on the representations of the scattering and the
bound states. Thus, if more than one transitions are possible, in which either the scattering
and/or the bound states belong to different representations, then their contributions to
eq. (2.37) need to be separated, and J k,tn`mu, Yk,tn`mu should be evaluated using the
wavefunctions of the corresponding representations.
2.5 Cross-sections for capture into the ground state
The differential BSF cross-section for capture into the ground state tn`mu “ t100u is given
by
vrel
dσkÑt100u
dΩ
“ |Pg|
64pi2M2µ
´
|MkÑt100u|2 ´ |Pˆg ¨MkÑt100u|2
¯
, (2.38)
where energy-momentum conservation implies (cf. eq. (2.20))
|Pg| “ Ek ´ E10 “ µ
2
”`
αBg
˘2 ` v2relı . (2.39)
The leading-order contributions to the amplitude areJ k,t100u9kˆ andYk,t100u9kˆ (cf. refs. [9,
57] and appendix B). Thus
|MkÑt100u|2 ´ |Pˆg ¨MkÑt100u|2 “ |MkÑt100u|2 sin2 θ ,
where θ is the angle between k and Pg, and |MkÑt100u|2 is independent of θ. Thus,
σkÑt100uvrel “
pαBg q2 ` v2rel
48piM2
|MkÑt100u|2 . (2.40)
For convenience, in the following we shall use the parameters [cf. eqs. (A.6)]
ζS ” αSg{vrel , (2.41a)
ζB ” αBg {vrel . (2.41b)
From the amplitudes of eqs. (2.33), (2.36) and (2.37), and the expressions (B.4) for the
overlap integrals J and Y , we find that the colour-averaged BSF cross-sections are
σkÑt100uvrel “
piαBSFs α
B
g
µ2
27C2pRq
3d2R
fc ˆ SBSFpζS, ζBq , (2.42)
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where fc is a numerical factor that depends on the transition,
fc “
$’’’’’’’’&’’’’’’’’%
„
1` C2pGq
2C2pRq
ˆ
αNAs
αBs
˙2
, radjs Ñ r1s,„
1´ C2pGq
2C2pRq ´ C2pGq
ˆ
αNAs
αBs
˙2
, r1s Ñ radjs,
d2Rpη21 ` η22q ´ 2` C2pGq
„
dRCpRq ´ C2pGq
2
ˆ
αNAs
αBg
˙2
, rest,
(2.42a)
and
SBSFpζS, ζBq ”
ˆ
2piζS
1´ e´2piζS
˙
p1` ζ2Sq
„
ζ4B exp r´4 ζS arccotpζBqs
p1` ζ2Bq3

. (2.42b)
A few remarks are in order:
• Clearly, in the radjs Ñ r1s transition, the contributions from all three diagrams of
fig. 1b add up. No (partial) cancellation occurs, for any group or representation,
contrary to what was found in [55, 56]. We note that our result reproduces the
dissociation rate via gluon absorption of the colour-singlet bound state of a particle-
antiparticle pair transforming in the (anti)fundamental of SUpNq, that was computed
in ref. [61, eq. (19)].5
The potential in the singlet state is always attractive and gives rise to the tight-
est bound state. Thus, our results quite generally suggest that BSF can be very
significant for phenomenology.6
Moreover, the radiative transitions contribute to the self-energy of the initial state.
From the optical theorem and eq. (2.42a), it follows that the forward scattering
amplitude (or equivalently, the index of refraction) of the adjoint state is enhanced
by the non-Abelian contribution, as is reasonable to expect.
• Since αs runs only logarithmically, to a good approximation we may set αNAs » αBs ,
at least in the parameter space where BSF is significant (cf. footnote 4). Then, for
the radjs Ñ r1s and r1s Ñ radjs transitions, the fc factors simplify.
• We recall that the couplings αBSFs , αNAs , αBs , αBg , αSg , and thus ζS and ζB, depend on
the colour representations of the initial and final states (cf. table 1), and are different
for every transition.
• As noted in section 2.4.3, if the group algebra allows for more than one transitions in
the category “rest”, then their contributions to fc have to be disentangled, in order
5The gluo-dissociation ([61, eq. (19)]) and the radiative capture cross-sections [eqs. (2.42)] are related
via the Milne relation, which we review in appendix D and use in section 3. Note that the gluo-dissociation
cross-section of [61, eq. (19)] is not averaged over the gluon degrees of freedom, while σion in eq. (D.4) is.
6 For particle-antiparticle pairs transforming in the (anti)fundamental SUpNq, the opposite relative sign
between the Abelian and non-Abelian contributions leads to an accidental near cancellation and thus a
suppression of the adjoint-to-singlet capture cross-section by a factor of p2N2 ´ 1q2.
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for SBSF to be computed. Note that a transition pXX:qRˆ Ñ pXX:qRˆ1 ` g allowed by
the group algebra contributes to fc even if Rˆ
1 has a repulsive potential and cannot
accommodate a bound state.
The function SBSFpζS, ζBq encapsulates all the velocity dependence of σBSFvrel. The first
two factors in eq. (2.42b) arise solely from the scattering-state wavefunction and coincide
with the Coulomb Sommerfeld enhancement of p-wave annihilation processes S1pζSq “
r2piζS{p1´e´2piζS qsp1`ζ2Sq. The factors inside the square brackets in eq. (2.42b) arise from
the convolution of the scattering-state and bound-state wavefunctions with the radiative
vertices.
Let us now discuss the asymptotic behaviour of SBSF in various cases.
• At large velocities, |ζS|, ζB ! 1, BSF is very suppressed,
SBSF » ζ4B ! 1. (2.43a)
• For an attractive interaction in the scattering state (ζS ą 0), and at low enough vrel
such that ζS Á 1 and ζB Á 1,
SBSF » 2piζS ˆ
ˆ
ζS
ζB
˙2
exp
ˆ
´4ζS
ζB
˙
. (2.43b)
Since ζS{ζB “ αSg{αBg is constant, SBSF exhibits the characteristic scaling SBSF91{vrel.7
We observe that SBSF becomes maximal for α
S
g{αBg “ 0.5. That is, the transition prob-
ability decreases for transitions between states governed by very different potentials
(αSg{αBg " 1 or ! 1).
• For a repulsive interaction in the scattering state (ζS ă 0), and at low enough vrel
such that ζS À ´1 and ζB Á 1,
SBSF » 2pi|ζS|
ˆ
ζS
ζB
˙2
exp
„ˆ
4
ζB
´ 2pi
˙
|ζS|

. (2.43c)
At low vrel, SBSF becomes exponential suppressed. However, the exponential suppres-
sion sets at ζB ą 1, by when BSF may already have an important effect on the DM
density. It is interesting that the exponential suppression is more severe for tighter
bound states (larger ζB), i.e. two particles that repel each other are less likely to
be captured into a very deep bound state. This is consistent with the behaviour
exhibited by eq. (2.43b).
7This scaling appears also in the upper limit on inelastic cross-sections imposed by unitarity. This implies
that the unitarity limit may be approached or realised only by Sommerfeld enhanced processes [4, 5].
– 14 –
3 Dark matter co-annihilating with coloured partners
3.1 Simplified model and Boltzmann equation
We assume that DM is a Majorana fermion χ of mass mχ, that co-annihilates with a
complex scalar triplet under SUp3qc, denoted by X. The gauge interactions of X are
specified by the Lagrangian
δL “ pDµ,ijXjq: pDµij1Xj1q ´m2X X:jXj , (3.1)
where Dµ,ij “ δijBµ ` igsGaµT aij is the covariant derivative, with Gaµ being the gluon fields
and T a are the generators. χ and X are the lightest and next-to-lightest particles that
are odd under a Z2 symmetry which prevents χ from decaying. We also assume that the
interactions between χ and X – which we shall leave unspecified – keep them in chemical
equilibrium throughout the freeze-out of their annihilation processes into other species.
As long as the relative mass splitting between DM and its coannihilating partner,
δ ” pmX ´mχq{mχ , (3.2)
is small, δ ! 1, the DM density is determined by the χ ´ χ, χ ´X, χ ´X: and X ´X:
(co-)annhilation processes. It can be tracked by considering the sum of densities of all
co-annihilating species,
Y˜ ” Yχ ` YX ` YX: “ Yχ ` 2YX , (3.3)
where Yj ” nj{s, with nj being the number density of the species j and s ” p2pi2{45q g˚S T 3
being the entropy density of the universe. Using the time parameter
x ” mχ{T, (3.4)
the evolution of Y˜ is governed by the Boltzmann equation [67]
dY˜
dx
“ ´c g
1{2
˚,eff xσeff vrely
x2
pY˜ 2 ´ Y˜ 2eqq , (3.5)
where
c ”api{45 mPlmχ , (3.5a)
g
1{2
˚,eff ”
g˚S?
g˚
ˆ
1` T
3g˚S
dg˚S
dT
˙
, (3.5b)
Y eqχ “ 90p2piq7{2
gχ
g˚S
x3{2 e´x , (3.5c)
Y eqX “ Y eqX: “
90
p2piq7{2
gX
g˚S
rp1` δqxs3{2 e´p1`δqx , (3.5d)
with gχ “ 2 and gX “ 3 being the χ and X degrees of freedom.
The effective cross-section xσeff vrely in eq. (3.5) includes all annihilation and co-annihilation
processes weighted by the densities of the participating species. We shall assume that the
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dominant contribution arises from the processes that annihilate XX:, with total cross-
section σXX: , such that
xσeff vrely “
2Y eqX Y
eq
X: xσXX: vrely
Y˜ 2eq
“ xσXX: vrely
˜
2g2Xp1` δq3 e´2x δ“
gχ ` 2gXp1` δq3{2 e´x δ
‰2
¸
. (3.6)
Both the direct annihilation and the BSF processes contribute to σXX: , as we discuss in
the following.
In this work, we shall neglect thermal effects. The thermal bath may affect the DM
freeze-out in a variety of ways, including, on one hand, screening of the long-range interac-
tions and, on the other hand, frequent (non-radiative) scattering processes that precipitate
DM depletion via BSF [49]. In the context of DM coannihilation with coloured partners,
the latter have been considered in Ref. [51]. The inclusion of thermal corrections for the
radiative BSF processes considered here requires a comprehensive study that we leave for
future work.
3.2 Colour states and the running of the coupling
The X ´X: colour interaction may be decomposed as
3b 3¯ “ 1‘ 8 . (3.7)
In each irreducible representation Rˆ, the gluon exchange gives rise to the Coulomb potential
of eq. (2.13) with the coupling αg given by eq. (2.14). The quadratic Casimir invariants
for the SUp3q representations of interest are C2p1q “ 0, C2p3q “ C2p3¯q “ 4{3, C2p8q “ 3,
therefore
αg ” αs ˆ
#
4{3, Rˆ “ 1,
´1{6, Rˆ “ 8. (3.8)
As discussed in section 2.2, the strong coupling αs depends on the momentum transfer
Q. In table 2, we list the average Q for the various vertices appearing in the annihilation
and BSF processes, in this model. For the bound states, the momentum transfer depends
itself on the strong coupling, Q “ Qpαsq. In this case, we determine αs by solving the
numerically the equation
αspQpα˜qq “ α˜ , (3.9)
for a˜. We discuss further the effect of the αs running in the following.
3.3 Direct annihilation
XX: pairs annihilate dominantly into gluons (cf. fig. 2), with cross-section [68]
σXX:Ñggvrel “ 1427
pipαanns q2
m2X
ˆ
ˆ
2
7
S0,r1s ` 57S0,r8s
˙
, (3.10)
where S0,r1s and S0,r8s are the s-wave Sommerfeld factors of the colour-singlet and colour-
octet states,
S0,r1s ” S0
ˆ
4αSs
3vrel
˙
and S0,r8s ” S0
ˆ
´ α
S
s
6vrel
˙
. (3.11)
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Vertices αs αg
Average momentum
transfer Q
Annihilation:
gluon emission
αanns mX
Scattering-state
wavefunctions
αSs
Colour singlet
αSg,r1s “ 4αSs {3 mX vrel
2
Colour octet
αSg,r8s “ ´αSs {6
Colour-singlet
bound-state wavefunction
αBs,r1s α
B
g,r1s “
4αBs,r1s
3
mX
2
ˆ
4αBs,r1s
3
˙
Colour-singlet bound-state
formation: gluon emission
αBSFs,r1s
mX
4
«
v2rel `
ˆ
4αBs,r1s
3
˙2ff
gX:X vertices in
non-Abelian diagram for
colour-singlet BSF
αNAs,r1s « αBs,r1s
pmX{2q
b
v2rel ` αBg,r1s2
approximated with
pmX{2qαBg,r1s
Table 2. The momentum transfer Q at which the strong coupling αspQq is evaluated, for the
various processes and the states participating in these processes, in the model of section 3.
X
X:
¨ ¨ ¨
Figure 2a. The XX: annihilation is influenced by the Sommerfeld effect due to gluon exchange.
The black blob represents the perturbative part of the annihilation processes (hard scattering).
X
X:
g
g
X
X:
g
g
X
X:
g
g
Figure 2b. Tree-level diagrams contributing to the hard process XX: Ñ gg. Besides the t-
channel diagram, there is the corresponding u-channel (not shown). The s-channel yields a p-wave
contribution, which we neglect.
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Figure 3. Top left: The Sommerfeld factor for s-wave annihilation, S0pζSq, vs ζS ” αSg{vrel, for
both attractive (ζS ą 0) and repulsive (ζS ă 0) Coulomb interaction. Top right: The running of
αs in the scattering states, where the average momentum exchange is Q “ pmX{2qvrel. For the
colour-singlet and the colour-octet states, αSg,r1s “ p4{3qαSs and αSg,r8s “ ´αSs {6. We show αSs , αSg,r1s
and αSg,r8s in the velocity range 0.2 ă vrel ă 0.4, that is typical during the DM freeze-out. For
comparison, we also show the strong coupling at the gluon emission vertices of the annihilation
processes, αanns , which corresponds to Q “ mX (red diamonds). Bottom left: The parameter
ζS “ αSg{vrel that determines the Sommerfeld effect. Bottom right: The thermally-averaged s-wave
Sommerfeld factor, S¯0, for x˜ ” mX{T within the indicative range 20 ă x˜ ă 50 during which the
DM abundance freezes-out.
The function S0pζSq is the s-wave Sommerfeld enhancement factor (cf. ref. [69] and ap-
pendix A),
S0pζSq ” 2piζS
1´ e´2piζS . (3.12)
The annihilation XX: Ñ qq¯ is p-wave suppressed and we neglect it for simplicity. In fig. 3,
we show S0pζSq, for both attractive and repulsive interactions, and depict the effect of the
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Figure 4. Left panel : The strong coupling αBs,r1s and the corresponding α
B
g,r1s, that determine the
colour-singlet bound-state wavefunction. Right panel : The strong coupling at the gluon emission
vertex during the formation of colour-singlet bound states, αBSFs,r1s. The emitted gluon carries away
the binding energy of the bound state plus the kinetic energy of the scattering state; we show αBSFs,r1s
in the range 0.2 ď vrel ď 0.4 that is indicative of the relative velocities during DM freeze-out.
αs running on the Sommerfeld factors. Because the momentum exchange in the scattering
state is much smaller than on the gluon-emission vertices (cf. table 2), αSs is considerably
larger than αanns , as seen in the top right panel of fig. 3.
3.4 Bound-state formation, ionisation and decay
Formation
As seen from eq. (3.8), only the colour-singlet XX: state interacts via an attractive poten-
tial and can form bound states. The only capture process via one-gluon emission is from
the octet state,
pX `X:qr8s Ñ BpXX:qr1s ` gr8s . (3.13)
Using dR “ 3, Cp3q “ 1{2, C2p3q “ 4{3 and C2pGq “ 3, and setting η1 “ η2 “ 1{2 and
µ “ mX{2, we find from eqs. (2.42) the colour-averaged BSF cross-section,
σ
r8sÑr1s
BSF vrel “ 2
7172
35
piαBSFs α
B
s,r1s
m2X
ˆ SBSFpζS, ζBq , (3.14)
where SBSFpζS, ζBq is given by eq. (2.42b), and here ζS “ αSg,r8s{vrel, ζB “ αBg,r1s{vrel
[cf. eqs. (2.41)].
The coupling αBs,r1s that determines the bound-state wavefunction, and the coupling
αBSFs,r1s that corresponds to the gluon radiation vertex in the capture process, are shown in
fig. 4. Due to the small momentum transfer (cf. table 2), they are considerably larger than
αanns that corresponds to the gluon vertices in the XX
: Ñ gg annihilation. This enhances
further the BSF cross-section with respect to the annihilation cross-section, as seen by
comparing the two panels in fig. 5.
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Figure 5. Left : The cross-sections times relative velocity for annihilation into gluons, XX: Ñ gg
(blue lines), and radiative capture into the ground state (red line), normalised to the perturbative
annihilation cross-section times relative velocity σ0 ” 14piα2s{p27m2Xq. The blue dashed and blue
dotted lines denote the contributions of the colour-singlet and the colour-octet scattering states in
the total annihilation cross-section. We have ignored here the running of the strong coupling, which
implies that σvrel{σ0 depend only on αs{vrel. Right : The cross-sections times relative velocity for
annihilation into gluons, XX: Ñ gg (blue lines), and radiative capture into the ground state (red
line), normalised to σ0. The lines corresponding to different values of mX differ due to the running
of the strong coupling.
In fig. 5, we compare eq. (3.14) to the cross-section for XX: Ñ gg (cf. eq. (3.10)).
At large velocities, αs{vrel ! 1, the BSF cross-section scales as σr8sÑr1sBSF vrel9pαs{vrelq4 and
is subdominant to annihilation. At low velocities, αs{vrel " 1, it becomes exponentially
suppressed due to the Coulomb repulsion in the scattering state. σ
r8sÑr1s
BSF vrel peaks at
αs{vrel « 1, where it exceeds the annihilation cross-section by more than one order of
magnitude.
The thermally-averaged BSF cross-section is
xσr8sÑr1sBSF vrely “
´ µ
2piT
¯3{2 ż
d3vrel exp
ˆ
´µv
2
rel
2T
˙
r1` fgpωqs σr8sÑr1sBSF vrel , (3.15)
where µ “ mX{2 is the X ´ X: reduced mass. Here, fgpωq “ 1{peω{T ´ 1q is the gluon
occupation number, with ω being the energy of the emitted gluon,
ω “ µ
2
rpαBg q2 ` v2rels . (3.16)
The factor 1`fgpωq accounts for the Bose enhancement due to the final-state gluon, and is
necessary to ensure the detailed balance between the bound-state formation and ionisation
processes at T Á ω [4], which encompasses a significant temperature range that is relevant
to the DM freeze-out.
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Ionisation
The ionisation and BSF cross-sections are related via the Milne relation, which we review
in appendix D. From eq. (D.4), we find
σion “ g
2
X
gggB
ˆ
µ2v2rel
ω2
˙
σBSF , (3.17)
where gg and gB are the gluon and bound-state degrees of freedom. The ionisation rate is
Γion “ gg
ż 8
ωmin
dω
2pi2
ω2
eω{T ´ 1 σion .
Using eqs. (3.16) and (3.17), we obtain the ionisation rate of the colour-singlet bound
states,
Γion,r1s “ g
2
Xµ
3
2pi2gB,r1s
ż 8
0
dvrel
v2rel
exp
#
µrpαBg,r1sq2 ` v2rels
2T
+
´ 1
σ
r8sÑr1s
BSF vrel . (3.18)
We compute (3.18) using gg “ 8, gX “ 3, gB,r1s “ 1, µ “ mX{2 and eq. (3.14).
Decay
The decay rate of ` “ 0 bound states is related to the perturbative s-wave annihilation
cross-section times relative velocity of the corresponding scattering states (see e.g. [57]),
Γdec “ pσs´waveann,rRˆs vrelq |ψrRˆsn`mp0q|2 . (3.19)
Note that σs´waveann,rRˆs vrel corresponds to the colour configuration of the bound state and should
be averaged over the bound-state colour degrees of freedom, rather than those of an un-
bound XX: pair.
For the colour-singlet states (cf. eq. (3.10), noting that g2X “ 9 and gr1s “ 1)
σs´waveann,r1s vrel “ 4pipα
ann
s q2
3m2X
. (3.20)
The colour-singlet ground-state wavefunction at the origin is [cf. eq. (A.9)]
|ψr1s1,0,0p0q|2 “
µ3pαBg,r1sq3
pi
“ 2
3m3XpαBs,r1sq3
33pi
. (3.21)
Thus, the decay rate of the colour-singlet ground state is
Γdec,r1s “ 32
81
mX pαanns q2pαBs,r1sq3 . (3.22)
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Figure 6. Dashed lines: The thermally averaged cross-section for annihilation into gluons,
XX: Ñ gg [cf. eq. (3.10)]. Wide-spaced dotted lines: The thermally averaged cross-section for the
radiative capture into the colour-singlet bound state [cf. eq. (3.15)]. Densely spaced dotted lines:
The effective bound-state formation cross-section, which is weighted by the fraction of XX: pairs
that decay into radiation, rather than getting ionised [cf. eq. (3.23)]. Solid lines: The total effective
cross-section of processes that deplete XX: pairs [cf. eq. (3.24)]. This determines the DM effective
annihilation cross-section via eq. (3.6).
Effective bound-state formation cross-section
The effect of unstable bound states on the DM relic density is governed by a system
of coupled Boltzmann equations for the unbound and bound particles that describe the
interplay between bound-state formation, ionisation and decay processes [4]. However, it
is possible to incorporate the effect of bound states in a single Boltzmann equation for the
unbound particles, using an effective BSF cross-section that is weighted by the fraction of
bound states that decay (rather than getting ionised),
xσBSFvrelyeff ” xσr8sÑr1sBSF vrely ˆ
ˆ
Γdec,r1s
Γdec,r1s ` Γion,r1s
˙
. (3.23)
3.5 Relic density
The total cross-section of the processes that deplete XX: is
xσXX: vrely “ xσXX:Ñgg vrely ` xσBSF vrelyeff , (3.24)
where the individual cross-sections are given in eqs. (3.10) and (3.23). From eqs. (3.6)
and (3.24), we obtain xσeff vrely which enters the Boltzmann eq. (3.5). In fig. 6, we show
xσeff vrely as a function of the time parameter mX{T , together with the contributions it
receives from direct annihilation and from BSF. At early times, the depletion of DM via
BSF is impeded by the large ionisation rate of the bound states. However, BSF becomes
more efficient than direct annihilation in depleting DM at mX{T Á 70 for mX „ TeV,
suggesting that a sizeable effect on the DM density should be expected.
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Figure 7. Left panel: The mass splitting ∆m between DM and its coloured co-annihilating
partner, that is required to obtain the observed DM density. The blue dotted band takes into
account perturbative annihilation only, the purple dashed band incorporates the Sommerfeld effect
on the direct annihilation, and the yellow solid band includes also the effect of bound-state formation
and decay. The width of the bands arises from the 3σ uncertainty on the DM density. Right panel:
The impact of the Sommerfeld effect and bound-state formation on the DM density. ∆m is fixed
with respect to mχ along the yellow solid band of the left panel. We present the ratios of the
relic densities predicted by perturbative annihilation only (blue dotted line) and by Sommerfeld-
enhanced annihilation (purple dashed line), to the relic density predicted by the full computation
that includes the effect of bound states.
In fig. 7 we present the results of the relic density computation. In the left panel, we
show the mass splitting ∆m ” mX ´mχ vs. mχ, in three different cases, (i) considering
perturbative annihilation only, (ii) taking into account the Sommerfeld effect on the direct
annihilation processes, and (iii) including the formation and decay of unstable bound states.
In agreement with previous works [33, 38], we confirm that the Sommerfeld effect has a
considerable impact on the predicted ∆m and mχ. In addition, we find that BSF has
a significant effect. It implies that the mass splitting can be as high as „ 38 GeV, and
DM can be as heavy as 3.3 TeV. For the viable mχ and ∆m values determined by the
full computation, we show in the right panel of fig. 7, the depletion of DM due to the
Sommerfeld enhancement of the direct annihilation and due to BSF. We find that BSF
depletes DM by p40´ 240q%. Clearly, this far exceeds the experimental uncertainty on the
DM density.
4 Conclusion
Long-range interactions imply that non-perturbative effects and a variety of radiative pro-
cesses come into play. Here, we have considered the radiative capture of non-relativistic
particles into bound states, in unbroken non-Abelian gauge theories, in the regime where
the gauge coupling is perturbative. This can be important in multi-TeV WIMP DM sce-
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narios, in scenarios where DM co-annihilates with coloured particles, as well as in hidden
sector models.
Our main results include the amplitude for the radiative formation of bound states via
one-gluon emission, for arbitrary representations and masses of the interacting particles
[cf. eq. (2.25)], and the complete BSF cross-sections for particles transforming in conjugate
representations [cf. eqs. (2.42)], but still for arbitrary masses.
As a first application of our results, we considered a simplified model where DM coan-
nihilates with particles transforming in the fundamental of SUp3qc, and showed that the
formation and decay of particle-antiparticle bound states can affect the DM relic density
very significantly. This implies larger DM mass and/or mass splitting between DM and
its coannihilating particles, thereby altering the interpretation of the experimental results,
and affecting the detection prospects. In particular, larger mass splittings imply the pro-
duction of harder jets that can be more easily probed in collider experiments. Moreover,
larger DM masses motivate indirect searches in the multi-TeV regime.
While the analytical formulae (2.42) assume a Coulomb potential, it is straightforward
to generalise our results to other potentials, by computing the overlap integrals (2.26)
using the wavefunctions arising from those potentials. This allows to include, for example,
thermal masses for the gauge bosons, as well as the effect of multiple force mediators.
The latter has been shown to be important in models where the (co-)annihilating particles
possess a significant coupling to the Higgs [58, 70]. We leave these extensions for future
work.
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Appendices
A Scattering-state and bound-state wavefunctions
The non-relativistic potentials due to gluon exchange, for the scattering and bound states
are
Vscattprq “ ´αSg{r , (A.1a)
Vboundprq “ ´αBg {r . (A.1b)
where αSg may be either positive or negative, but α
B
g ą 0. The scattering and bound states
are characterised by the momenta
k ” µvrel , (A.2a)
κ ” µαBg , (A.2b)
where vrel is the expectation value of the relative velocity in the scattering state and κ
is the Bohr momentum of the bound state. The corresponding wavefunctions, φkprq and
ψn`mprq, with tn, `,mu being the principal and angular-momentum quantum numbers,
obey the Schro¨dinger equations„
´∇
2
2µ
` Vscattprq

φkprq “ Ek φkprq , (A.3a)„
´∇
2
2µ
` Vboundprq

ψn`mprq “ En` ψn`mprq , (A.3b)
where
Ek ” k
2
2µ
“ 1
2
µv2rel , (A.4a)
En` ” ´ κ
2
2n2µ
“ ´ 1
2n2
µpαBg q2 , (A.4b)
The wavefunctions are normalised according toż
d3r φk˚prqφk1prq “ p2piq3δ3pk´ k1q . (A.5a)ż
d3r ψn˚`mprqψn1`1m1prq “ δnn1δ``1δmm1 . (A.5b)
For convenience, we shall define
ζS ” αSg{vrel , (A.6a)
ζB ” αBg {vrel . (A.6b)
and
S0pζSq ” 2piζS
1´ e´2piζS . (A.7)
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The solutions to eqs. (A.3) with the potentials (2.13), are (see e.g. [71])
φkprq “
a
S0pζSq 1F1riζS; 1; ipkr ´ k ¨ rqs eik¨r . (A.8a)
ψn`mprq “ κ3{2
„
4pn´ `´ 1q!
n4pn` `q!
1{2 ˆ2κr
n
˙`
L
p2``1q
n´`´1
ˆ
2κr
n
˙
e´κr{n Y`mpΩrq , (A.8b)
where 1F1 is the confluent hypergeometric function of the first kind, and L
a
n are the
generalised Laguerre polynomials of degree n. (We assume the normalisation conditionş8
0 z
ae´zLpaqn pzqLpaqm pzqdz “ rΓ pn ` a ` 1q{n!s δn,m.) For the ground state, tn, `,mu “
t1, 0, 0u,
ψ100prq “
a
κ3{pi e´κr . (A.9)
Note that S0 is the Sommerfeld factor for s-wave annihilation (see e.g. [69])
S0pζSq “ |φkpr “ 0q|2 . (A.10)
In section 2, we also need the Fourier transforms of the wavefunctions, defined as
φ˜kpqq “
ż
d3r φkprq e´iq r , φkprq “
ż
d3q
p2piq3 φ˜kpqq e
iq r , (A.11a)
ψ˜n`mppq “
ż
d3r ψn`mprq e´ipr , ψn`mprq “
ż
d3p
p2piq3 ψ˜n`mppq e
ipr . (A.11b)
B Overlap integrals for capture into the ground state
For the BSF cross-sections of interest, we need to compute the overlap integrals defined
in eqs. (2.26). In coordinate space, they become
J k,tn`mupbq ”
ż
d3p
p2piq3 p ψ˜n˚`mppq φ˜kpp` bq “ i
ż
d3r r∇ψn˚`mprqsφkprq e´ibr , (B.1a)
Yk,tn`mu ” 8piµαNAs
ż
d3p
p2piq3
d3q
p2piq3
q´ p
pq´ pq4 ψ˜n˚`mppq φ˜kpqq
“ ´iµαNAs
ż
d3r ψn˚`mprqφkprq rˆ . (B.1b)
In deriving eq. (B.1b), we Fourier-transformed ψ˜n˚`mppq and φ˜kpqq, and used the following
integral in the limit mg Ñ 0,ż
d3q
p2piq3
q e´iq r
pq2 `m2gq2 “ i∇r
ż
d3q
p2piq3
e´iq r
pq2 `m2gq2
“ i
4pi2
∇r
ż 8
0
dq q2
ż 1
´1
d cos θ
e´iqr cos θ
pq2 `m2gq2
“ i
2pi2
∇r
„
1
r
ż 8
0
dq
q sinpqrq
pq2 `m2gq2

“ i
2pi2
∇r
„
r
ż 8
0
dq
q sin q
pq2 `m2gr2q2

“ i
2pi2
∇r
„
pie´mgr
4mg

“ ´ i e
´mgr
8pi
rˆ . (B.2)
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In the following, we consider capture into the ground state only, tn`mu “ t100u.
Following refs. [9, 16, 57], we compute the overlap integrals (B.1) using the identity [72]ż
d3r
eipk´bq¨r´κr
4pir
1F1riζS, 1, ipkr ´ k ¨ rqs “ rb
2 ` pκ´ ikq2s´iζS
rpk´ bq2 ` κ2s1´iζS ” fk,bpκq . (B.3)
Equations (B.1) become
J k,t100upbq “ κ
a
16piκ3 S0pζSq r∇bfk,bpκqs , (B.4a)
Yk,t100u “ µαNAs
a
16piκ3 S0pζSq r∇bfk,bpκqsb“0 , (B.4b)
where
r∇bfk,bpκqsb“0 “ kˆ
2p1´ i ζSq
k3
exp r´2ζS arccotpζBqs
p1` ζ2Bq2 . (B.4c)
For the cross-sections of interest, we only need J k,t100upbq evaluated at b “ 0 [9, 57].
Evidently,
Yk,t100u
J k,t100up0q “
αNAs
αBg
, (B.4d)
and
|J k,t100up0q|2 “ 2
6pi
k
S0pζSq p1` ζ2Sq ζ
5
B expr´4ζS arccotpζBqs
p1` ζ2Bq4 . (B.4e)
We recall that ζS and ζB are defined in eqs. (A.6). In section 2.5, we use eqs. (B.4) to
obtain analytical expressions for the BSF cross-sections.
C The non-relativistic Hamiltonian from effective field theory
Our results in section 2 differ from previous computations [55, 56] in the relative sign
of the Abelian and non-Abelian contributions to the radiative transition amplitude. In
this appendix, we use the non-relativistic QCD (NRQCD) approach of ref. [47, 73, 74] to
derive the effective Hamiltonian for our system, and compare it with refs. [55, 56], whose
computations are based on effective field theory. This offers an independent check of our
computations.
Before moving to NRQCD, we want to display that the discrepancy between our com-
putations and ref. [55] originates from the expression for the transition amplitude. Indeed,
starting from eq. (2.25) with η1 “ η2 “ 1{2, and using the coordinate-space expressions for
the overlap integrals (B.1) where we integrate eq. (B.1a) by parts, we arrive at
irMkÑtn`musii1,jj1 “ ´irMkÑtn`musaii1,jj1 ¨ a
“a28piαBSFs mX ˆ "12 “pT a1 qi1i δj1j ´ δi1i pT a2 qj1j‰
ż
d3r rψn˚`mprqs∇φkprq
´ifabcpT b1 qi1ipT c2 qj1j mXα
NA
s
2
ż
d3r ψn˚`mprqφkprq rˆ
*
¨ a , (C.1)
where a is the gluon polarisation vector. Equation (C.1) may be directly compared to
eqs. (41)-(43) of ref. [55]. We observe that the relative sign between the two terms is
different.
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This discrepancy arises from the non-relativistic Hamiltonian assumed in ref. [55]. The
interactions that give rise to the radiative BSF amplitude correspond to a non-relativistic
potential V˜BSFpq,pq that can be deduced from the transition amplitude xp|iT |qy in ordinary
quantum mechanics,
xp|iT |qy “ ´iV˜BSFpq,pq , (C.2)
where |qy denotes a state where the two interacting particles have momentum q and ´q
in the CM frame. The quantum mechanical transition amplitude is related to the matrix
element Mpq,pq “ ´Matranspq,pq ¨ a via
p4m2X{A0q xp|iT |qy “ ´iMatranspq,pq ¨ a p2piqδpEq ´ Ep ´ ωq , (C.3)
where the factor 4m2X{A0 accounts for the different normalization of fields in quantum
field theory and quantum mechanics, with A0 being the non-relativistic normalisation of
the gauge field. Eq, Ep are the energies of the |qy, |py states and ω is the energy of the
radiated gauge boson. From eqs. (C.2) and (C.3), we identify the non-relativistic potential
in momentum space as
V˜BSFpq,pq “
ˆ
A0
4m2X
˙
Matranspq,pq ¨ a p2piqδpEq ´ Ep ´ ωq . (C.4)
The potential in coordinate space is8
VBSFpt, rq “
ż
dpEq ´ Epq
p2piq
d3pq´ pq
p2piq3 e
irpEq´Epq¨t´pq´pq¨rs V˜BSFpq,pq . (C.5)
Using eq. (2.24) for Matranspq,pq and the identity (B.2), we obtain
VBSFpt, rq “ ´A0a¨
"
gBSFs
mX
”
pT a1 qi1i δj1jeipωt´Pg ¨r{2q ´ δi1i pT a2 qj1jeipωt`Pg ¨r{2q
ı
q
´gBSFs αNAs fabcpT b1 qi1ipT c2 qj1j eiωt rˆ
)
. (C.6)
Identifying Aapt,xq “ A0 expripωt ´ Pg ¨ xqs a as the background field that induces the
transition (see e.g. [75, sec. 5.7]), we rewrite the above as follows
VBSFpt, rq “ ´
"
gBSFs
mX
“pT a1 qi1i δj1j q ¨Aapt, r{2q ´ δi1i pT a2 qj1j q ¨Aapt,´r{2q‰
´gBSFs αNAs fabcpT b1 qi1ipT c2 qj1j rˆ ¨Aapt,0q
)
. (C.7)
Comparing this with eq. (36) of ref. [55], we note the difference in the relative sign of the
Abelian and non-Abelian contributions.
We now move on to NRQCD. At leading order, a heavy quark-antiquark system yields
the same potential as a scalar particle-antiparticle system. Thus, we may compare our
8 Note that we Fourier transform only with respect to the energy and momentum differences between
the initial and final X1X2 states, thus the coordinate-space potential may still depend on q [cf. eq. (C.7)].
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result of eq. (C.7) with that derived for quarkonium in NRQCD, where the “potential”
gluons are integrated out, leaving four-quark operators in the effective Lagrangian in anal-
ogy to the Fermi theory. There are different formulations, e.g. pNRQCD [47, 76] or vN-
RQCD [73, 74, 77]9. Here, we will follow the conventions of [73, 74, 79]. We start from the
ultrasoft NRQCD Lagrangian given in eq. (7) of ref. [73]
Lu Ą
ÿ
p
ψ:p
"
iD0 ´ pp´ iDq
2
2m
` p
4
8m3
*
ψp`
ÿ
p
χ:p
"
iD0 ´ pp´ iDq
2
2m
` p
4
8m3
*
χp , (C.8)
where Dµ “ Bµ ` igsAaµT a “ pD0,´Dq with D0 “ B0 ` igsAa0T a and D “ ∇´ igsAaT a.
The momentum p represents momenta of the soft scale. In contrast to the usual relativistic
conventions, here ψ: (χ:) annihilates (anti)particles, while ψ (χ) creates (anti)particles.
Their generators are related via T
a
ij “ ´T aji. mQ denotes the (anti)quark mass. From
eq. (C.8), we can derive the Feynman rules for the fermion-antifermion system, treating
the temporal and spatial component of the gauge field separately. We present them in
fig. 8.
We may now compute the contributions to the radiative transition amplitudes, shown
in fig. 9. In the CM frame, the momenta of the incoming/outgoing fermions are
qµ1 “ pq01, qq , qµ2 “ pq02, ´qq , (C.9a)
pµ1 “ pp01, ´Pg{2` pq , pµ2 “ pp02, ´Pg{2´ pq , (C.9b)
where Pg is the momentum of the emitted gluon. The energies of the scattering and bound
states are
pq1 ` q2q0 “ 2mQ ` k2{mQ , (C.9c)
pp1 ` p2q0 “MB `P2g{p2MBq , (C.9d)
where k is the expectation value of q and MB “ 2mQ´EB is the mass of the bound state,
with EB being the binding energy (cf. appendix A). The energy of the radiated gluon,
ω “ |Pg|, is found from the conservation of energy to be [cf. eq. (2.20)],
ω “ pq1 ` q2 ´ p1 ´ p2q0 » EB ` k2{mQ . (C.10)
In the following, we shall extract the leading order contributions to the radiative BSF
amplitude taking into account that |q| „ |k| “ pmQ{2qvrel, |p| „ κ “ pmQ{2qαs and
ω “ pmQ{4qpα2s ` v2relq.
From the Lagrangian of eq. (C.8) and the Feynman rules of fig. 8, it is straightforward
to obtain the Abelian contributions to the transition amplitude, shown in fig. 9a,
iWAbelian “
“ igs
2mQ
“pq1 ` p1qT ai1iδjj1p2piq3δ3pq1 ´ p1 ´Pgq`pq2 ` p2qT aj1jδii1p2piq3δ3pq2 ´ p2 ´Pgq‰a
» igs
mQ
“
T ai1iδjj1 p2piq3δ3pq´ p´Pg{2q ´ T aj1jδi1i p2piq3δ3pq´ p`Pg{2q
‰ pq ¨ aq . (C.11)
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jψ
i
Aa0
´igsT aij
ψ
j i
Aa
p1 p2
igs
2mQ
pp1 ` p2qk T aij
Aak
Ab0Ac0
r s
k
gsf
abcps´ rqk
Aak
AbmAc0
r s
k
gsf
abcpk ´ sq0δkm
Aak
AbmAcn
r s
k
´gsfabcrpk ´ sqnδkm ` ps´ rqkδmn ` pr ´ kqmδnks
Aa0
a b
´iδab
p2`i
A
a,m b, k
iδab δmk
p2`i
Figure 8. Feynman rules that are used to derive the non-relativistic potential that determines
the radiative capture into bound states. In the gauge fields Aa,µ, the first index denotes colour,
while the second one if the space-time index. The first column depicts the NRQCD Feynman
rules which distinguish between temporal (black dot) and spatial (black rectangle) couplings in the
quark-gluon vertex. Hereby, ψ represents a fermion field. The Feynman rules for the anti-fermion
field χ are obtained by simply substituting T aij Ñ T aij “ ´T aji. The second column shows the
non-relativistic 3-gluon-vertex, and the third column shows the gluon propagators. We distinguish
again between temporal and spatial gauge fields. Note that according to the NRQCD Lagrangian
(C.8), the NRQCD Feynman rules are defined with upper indices only, and incorporate the signs
arising from the metric, gµν “ diagp1,´1,´1,´1q, in 4-vector contractions done according to the
relativistic conventions.
We shall now derive the potential NRQCD Lagrangian term that describes the non-
Abelian contribution to the radiative transition amplitudes. We will demonstrate that (a)
we recover the same sign as in [73, 74, 79] using our conventions eqs. (C.2) and (C.3), and
that (b) this sign disagrees with the result of [55]. From the NRQCD Feynman rules of
fig. 8, it is immediately evident that the first of the four diagrams shown in fig. 9b yields
9For a comprehensive comparison, we refer to [78].
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q2
q1 p1Pg
i i1
j j1
Aak
q1
q2 p2Pg
i i1
j j1
Aak
Figure 9a. Abelian contributions to the capture of a fermion-antifermion pair into a bound state
via gluon emission. The fermion field ψ is depicted as a single solid line, the antifermion field χ as
a double line.
q2
q1
p2
p1
Pg
q1 ´ p1
q2 ´ p2
b, 0
c, 0
i i1
j j1
Aak
i i1
j j1
Aak
b, n
c,m
i i1
j j1
Aak
b, n
c, 0
i i1
j j1
Aak
b, 0
c,m
Figure 9b. Non-Abelian contributions to the capture of a fermion-antifermion pair into a bound
state, via gluon emission. The fermion field ψ is depicted as a single solid line, the antifermion field
χ as a double line. As in fig. 8, we distinguish between the temporal (circle) and spatial (rectangle)
components of Aaµ.
the dominant contribution (see also comment below eqs. (2.23)). The diagrams involving
the spatial components of the gluon propagators are suppressed by higher orders in the
momenta q and p, as shown explicitly below. Allowing for a non-zero gluon mass mg, we
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obtain the following contributions for iWNA respectively:
iW‚‚ “p´igsT bi1iqp´igsT cj1jq
„ ´i
pq1 ´ p1q2 ´m2g
 „ ´i
pq2 ´ p2q2 ´m2g

ˆ gsfabcpq1 ´ p1 ´ q2 ` p2qka,k
» 2g2sgs fabcT bi1iT cj1j pq´ pqrpq´ pq2 `m2gs2 ¨ 
a , (C.12a)
iW‚‚ “
„
igs
2mQ
pq1 ` p1qm T bi1i
 „
igs
2mQ
pq2 ` p2qn T cj1j
 „
iδmm1
pq1 ´ p1q2 ´m2g
 „
iδnn1
pq2 ´ p2q2 ´m2g

ˆ p´gsqfabc a,k
ˆ
”
pq1 ´ p1 ´ q2 ` p2qkδm1n1 ` pq2 ´ p2 ` Pgqm1δn1k ` p´Pg ´ q1 ` p1qn1δkm1
ı
» g2sgsfabcT bi1iT cj1j rpq` pq
2pq´ pq ` pp2 ´ q2qpq` pqs
2m2Q rpq´ pq2 `m2gs2
¨ a , (C.12b)
iW‚‚ “
„
igs
2mQ
T bi1ipq1 ` p1qm

p´igsT cj1jq
„
iδmm1
pq1 ´ p1q2 ´m2g
 „ ´i
pq2 ´ p2q2 ´m2g

ˆ gsfabcp´Pg ´ q1 ` p1q0δkm1 a,k
» ´ g2sgsfabcT bi1iT cj1j
„pq1 ´ p1 ` Pgq0
2mQ
 pq` pq
rpq´ pq2 `m2gs2 ¨ 
a , (C.12c)
iW‚‚ “p´igsT bi1iq
„
igs
2mQ
T
c
j1jpq2 ` p2qn
 „ ´i
pq1 ´ p1q2 ´m2g
 „
iδnn1
pq2 ´ p2q2 ´m2g

ˆ gsfabcpq2 ´ p2 ` Pgq0δn1k a,k
» ´ g2sgsfabcT bi1iT cj1j
„pq2 ´ p2 ` Pgq0
2mQ
 pq` pq
rpq´ pq2 `m2gs2 ¨ 
a ,
where we have used eqs. (C.9). Using the energy conservation (C.10), the last two terms
add up to
ipW‚‚ `W‚‚q » ´g2sgsfabcT bi1iT cj1j
ˆ
3ω
2mQ
˙ pq` pq
rpq´ pq2 `m2gs2 ¨ 
a . (C.12d)
Since |q|2, |p|2, ω ! mQ, the terms W‚‚, W‚‚ and W‚‚ are subdominant with respect to
W‚‚. Thus, the leading order non-Abelian contribution is WNA »W‚‚, which agrees with
our findings in section 2.3.
The total transition amplitude is iWtrans » iWAbelian ` iWNA. Collecting eqs. (C.11)
and (C.12a), we find it to be
iWtrans » i2gs
mQ
"„
1
2
T ai1iδjj1 p2piq3δ3pq´ p´Pg{2q ´ 12T
a
j1jδi1i p2piq3δ3pq´ p`Pg{2q

q
´i8pifabcT bi1iT cj1j
´mQαs
2
¯ pq´ pq
rpq´ pq2 `m2gs2
*
¨ a . (C.13)
This can be compared with iMtrans{p4Mµq “ ´iMatrans ¨ a{p4Mµq with Mtrans given by
eq. (2.24). As earlier, the factor 4Mµ accounts for the relativistic normalisation of states.
We see that the two results are in agreement.
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In order to compare eq. (C.13) with [73, 79], we construct the effective action that
recovers the amplitude,
xp1, p2|iSeff |q1, q2y “ p2piq4δp4qpq1 ` q2 ´ p1 ´ p2q iWtranspq1, q2, p1, p2q , (C.14)
such that
Seff “
ż
d4q1d
4q2d
4p1d
4p2
p2piq16 ψ
:pp1qχ:pp2qWtranspq1, q2, p1, p2qψpq1qχpq2q
ˆ p2piq4δp4qpq1 ` q2 ´ p1 ´ p2q . (C.15)
Exchanging the polarisation vector a for the background field Aa, we arrive at the La-
grangian
Lu ` Lp Ą
ÿ
p
ψ:p
"
iD0 ´ pp´ iDq
2
2m
` p
4
8m3
*
ψp `
ÿ
p
χ:p
"
iD0 ´ pp´ iDq
2
2m
` p
4
8m3
*
χp
`
ÿ
p,q
p´2ig2sgs fabcq
´
ψ:pT bψq
¯´
χ:´pT
c
χ´q
¯ pq´ pq
pq´ pq4 ¨A
a . (C.16)
This Lagrangian can be compared with eqs. (6), (7), (12) and the first term of eq. (16) of
ref. [73].10 It agrees perfectly, including the sign of the non-Abelian term.11
Similarly to before, we may now derive the full interaction potential in position space.
Starting from eq. (C.13) and following similar steps as in the beginning of this appendix,
we arrive again at eq. (C.7), with the identification T ai1i “ pT1qai1i, T aj1j “ pT2qaj1j “ ´pT1qajj1
and mQ “ mX , thereby confirming the validity of the computation of section 2 and the
disagreement with ref. [55]. We note that we have also compared our results to those of
ref. [47] and found them in agreement.12
D The Milne relation
For a 2-to-2 process 1`2 Ø A`B, the cross-section, averaged over the degrees of freedom
of the initial state, is
σ1`2ÑA`B “ 1
g1g2
1
2
aps´m21 ´m22q2 ´ 4m21m22 |P
CM
A |
16pi2
?
s
ż
dΩ |M1`2ÑA`B|2 , (D.1)
10Note that k in eq. (16) of ref. [73] is defined as k “ ´pq´ pq.
11 The effective Lagrangian is invariant under ultrasoft gauge transformations [47, 79].
12 For comparison with eq. (1.8) in ref. [47], it is important to note the different definition of fields with
respect to ref. [73]. In ref. [47], ψ (χ:) annihilates (anti)particles, while ψ: (χ) creates (anti)particles. In
that notation, one has to account for the odd Wick permutations, such that the corresponding non-Abelian
amplitudeM1NA is recovered by
Seff “
ż
d4q1d
4q2d
4p1d
4p2
p2piq16 ψ
:pp1qχp´p2q p´1qM1NApq1, q2, p1, p2qψpq1qχ:p´q2q , (C.17)
in contrast to eq. (C.15). From M1NA, we may derive the non-relativistic potential, as in the beginning
of this appendix, and compare it with eq. (C.7). A global sign difference is expected due to the different
definition for the covariant derivative: while here we have used Dµ “ Bµ`igsAaµT a, in ref. [47] the covariant
derivative is defined as Dµ “ Bµ ´ igsAaµT a.
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where s is the first Mandelstam variable and PCMA is the momentum of A (or B) in the
CM frame. Since |M1`2ÑA`B|2 “ |MA`BÑ1`2|2, the cross-sections of two 2-to-2 inverse
processes are related via
σA`BÑ1`2
σ1`2ÑA`B
“ g1g2
gAgB
„ ps´m21 ´m22q2 ´ 4m21m22
ps´m2A ´m2Bq2 ´ 4m2Am2B
1{2 |P1|
|PA| . (D.2)
We now consider the radiative BSF and ionisation processes X1`X2 Ø Bn``g, where
g stands generally for the massless field radiated in a BSF process with energy ω. In the
non-relativistic regime,
s » pm1 `m2 ` Ekq2 » pm1 `m2 ` En` ` ωq2 , (D.3)
where Ek “ µv2rel{2 is the kinetic energy of the initial state in the CM frame, and En` ă 0 is
the binding energy of the bound state (cf. appendix A), with Ek, |En`| ! m1 `m2. Then,
|P1| “ |P2| “ µvrel and |Pg| “ |PB| “ ω “ Ek ´ En`, and from eq. (D.2) we find the Milne
relation
σion “ g1g2
gggB
ˆ
µ2v2rel
ω2
˙
σBSF . (D.4)
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